EXPONENTIAL SUMS OVER PRIMES IN SHORT INTERVALS
BINGRONG HUANG AND ZHIWEI WANG

ABSTRACT. Let A(n) be the von Mangoldt function, x real and 2 < y < x. This paper
improves the estimate on the exponential sum over primes in short intervals

Se(z,y;0) = Y An)e (n*a)
rz<n<z+y

when k > 4 for all & € [0,1]. And then combined with the Hardy-Littlewood method,
this enables us to give some short interval variants of Hua’s theorems in additive prime
number theory.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let A(n) be the von Mangoldt function, £ > 1 an integer, x real and 2 < y < z. The
estimate of the exponential sum over primes in short intervals

Sk(x,y;a) = Z A(n)e (n*a) (1.1)

z<n<lz+y

was first studied by I. M. Vinogradov [11] in 1939 with his elementary method. Since
then this topic has attracted the interest of quite a number of authors (see [1, 5, 6, 7, 8,
9, 10, 12] etc.). These sums arise naturally and play important roles when solving the
Waring-Goldbach problems in short intervals by the circle method. In particular, the case
k = 1, i.e., the linear exponential sum over primes in short intervals, was studied quite
extensively, because of its applications to the study of the Goldbach-Vinogradov theorem
with three almost equal prime variables (see [12] and the references therein).

For the case k = 2, Liu and Zhan [7] first established a non-trivial estimate of Sy(x, y; «v)
for all a and all published results before their result are valid only for « in a very thin
subset of [0, 1]. In [8], Lii and Lao improved the results in [7] to be as good as what was
previously derived from the Generalized Riemann Hypothesis.

In this paper we deal with Si(z,y;«) for all @ € [0, 1] in the general case k& > 3. In
(6], Liu and Zhan first established a non-trivial estimate of Si(z,y; «) for all « € R and
k > 3. To state Liu and Zhan’s result, we introduce some notation. Let A > 0 be any
given large constant, € > 0 sufficiently small. We further put

2k—1
Y

L=logz, P=L%" P=dt Q= =
x

L™, R=yz" 1L (1.2)
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such that
2<2P <2P < Q < R <z, (1.3)

where p is a positive parameter depending on k£ which will be specified later and ¢; denote
positive constants that depend at most on the positive numbers A, k and €. By Dirichlet’s
lemma on rational approximation, any «a € [0, 1] can be written as

1
a=24) with (a,9)=1, 1<a<q¢<Q, A <5 (1.4)
q q
Then every a € [0, 1] given in the form of (1.4) satisfies one of the following three condi-
tions:

1
<P AN <=
(@ a<P <

1
(b) Al 0

1
c g< P, =< |\ < —.
(¢) A 0

Denote by A, B and C the three subsets of « satisfying (a), (b) and (c) respectively. Then
0,1] is the disjoint union of A, B and C. The main result in [6] is the following

Theorem 0 (Liu-Zhan). Let k > 3, and K = 271, Then for any A > 0, there exist
c1,c9 > 0, such that the estimate

o) = { Milwy;a) +O(yL™), if ¢ <P A < g
Skl ) = { O(yL~"), otherwise,

holds for

a¥t <y <u,
where 1 .

l- %4 if 3<k<5;

— — K+1° — = Y
(p_gpk_{ 1~ i if K>6,

and My (x,y; ) is the main term, which can be expressed as

1\4,6(55,%04):L zq: e<a—hk) /:+ye(Au’f)du.

plg) = q

(h,q)=1

Another result for the case k > 3 is given by Kumchev in [4]. His result is much better
when ¢ is large, but is not non-trivial for all @ € [0,1] (See [4, Theorem 1]). Hence in
this paper we will combine the method used by Liu and Zhan with the method used by
Kumchev to improve Theorem 0. Our main results of this paper are the following two
theorems.

Theorem 1. Let k > 3. Then for any A > 0, there exist c¢1,co > 0, such that the estimate

v Mz ys0) 0L, if < P A < g
Skl y;0) = { O(yL=4), otherwise,
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holds for

't <y <,
where
4 .
— — 5 ka:37
U=k {1—%, if k>4,

The estimate given in Theorem 1, when combined with the Hardy-Littlewood method
as in [6], enables us to give some short interval variants of Hua’s theorems in additive
prime number theory [3].

Theorem 2. Let k>3, K = 28!, and

1 1
S = mm{ RE 1) ka} (1.5)

Denote by R3(N,U) the number of solutions of the equation

N =p; +ps +pk,
= <U [p— 5| <U, |p -5 <U.

Then for U = NT¢, we have

U? 1
N,U) =3 V*Cy(N)———— [ 1
R3( 7U) 3 03( )Nl—l/k loggN < + O <10gN>) ]

where
9 q 4q k
Z W (q Z alN Z ah
=) o q ) q
(a,9)=1 (h,g9)=1

and C3(N) > ¢ > 0 for odd N.

Similarly, an almost-all result on the sum of a prime and a k-th power of a prime in
short intervals can also be obtained.

Remark 1. The method in proving Theorem 1 can also be applied to establish a short
interval estimate for exponential sums involving the Mobius function u(n).

Notation. Throughout the paper, the letter £ denotes a sufficiently small positive real
number, while ¢ without subscript stands for an absolute positive constant; both of them
may be different at each occurrence. For example, we may write

L°LC < LS, 2°<yf.

Any statement in which ¢ occurs holds for each positive ¢, and any implied constant in
such a statement is allowed to depend on . The letter p, with or without subscripts,
is reserved for prime numbers. We write (a,b) = ged(a,b), and we use m ~ M as an

abbreviation for the condition M < m < 2M.
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2. REDUCTION OF THEOREM 1
For a € A, the major arcs in the circle method, we need to show that
Se(, y; @) = My(z, y; @) + O(yL ™). (2.1)

Just as the treatment in [6], this can be easily established by the partial integration and
the Siegel-Walfisz theorem in short intervals

Y. Al)x(n) =dy+ 0L (2.2)

r<nlzr+y

for z1zte < y < x and any character x modulo ¢ < L, where d, = 1 if y is principal and
0, = 0 otherwise, C' > 0 is any constant.
Hence for the proof of Theorem 1 reduces to show that

Se(z,y;0) < yL™*, ae€BUC, (2.3)
with suitable choice of constants ¢; (i = 1,2,3) in (1.2).

For a € B, in order to improve the result, we further divide the set B into two subsets
1

612{046[0,1] a:g—k)\, (a,q) =1, P<q<TP, |)\|§—Q} (2.4)
q q

and

Bgz{ae[O,l] a:g+)\, (a,q) =1, P<q<Q, |>\|§qu} (2.5)

where p = g}, is a small parameter satisfying some conditions which will be given later.
Then we estimate o € By and a € B, separately.
For a € By, we establish the following proposition

k—1
2k2 *

Sk(z,y;a) < yL™*

Proposition 1. Let k> 3 and ¢ < Then there exist c,c3 > 0, such that

holds for o € By and
P <y <z, with B=p= 1—%. (2.6)
For a € By, our result is
Proposition 2. Let k > 4, o < k—lg and cy,c3 be fized according to the discussion above.
Then the estimate

Sp(r,y; ) < yL™*
holds for o € By and

1 1
=1 2.
1 YT (2.7)

<y <a¥, with y=vy=1—
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Remark 2. Actually the precise choice of w is unimportant and we just need ¢, < wy < 1.
The estimate can be improved to be the form of y*~#*¢ if we use the method in [4] to give
the estimate for exponential sums of Type II instead of Lemma 6 below. But since it has
no influence on our main result, we will not do it.

In proving the above propositions, we estimate the exponential sums of type I and type
IT respectively. At first we will give the estimate of the exponential sums of type II

Z Z a(m)b(n)e ((mn)*a) (2.8)

m~ M n~N
z<mn<z+y

for all &« € B which is Proposition A in [6], where a(m), b(n) are any real numbers
satisfying that a(m) < m(m)L, b(n) < 1(n)L and 7,(n) is the number of ordered
factorizations of n as the product of exactly ¢ positive integers. Then for the exponential
sums of type I

Z a(m) Z e ((mn)*a), (2.9)

rz<mn<z+y

when a € By, we apply van der Corput’s method to handle them and a theorem of Hua
to concern complete exponential sums as [6] does; when a € By, we employ the method
used by Kumchev in [4] to deal with them. At last we can deduce the results by appealing
to the Heath-Brown’s identity.

For a € C, we have the following result

Proposition 3. Let k > 3, and ¢y, c3 be fized according to the discussion above. Then
there exists co > 0 such that the estimate

Sk(z,y;a) < yL™*

holds for a € C and
1
2k —1°

Proof. See [6, Theorem 6]. O

" <y<z, n=n=1 (2.10)

We conclude from Propositions 1, 2 and 3 that
Corollary 1. The estimate (2.3) holds subject to the condition 2P+ <y < av.
It is easily seen that Theorem 1 follows form Theorem 0 and Corollary 1.
In Section 3 we shall give some lemmas which will be used later. In Section 4 and 5 we

shall give the proof of Proposition 1 and 2 respectively.
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3. LEMMAS

Lemma 1 (van der Corput). Let f(x) be a real differentiable function on [a,b], f'(z) be
monotonic and | f'(x)] <6, 0 < < 1. Then

S etr - [ o7 (@) + 0 (+25)

a<n<b
Proof. See [6, Lemma 6.4]. O

Lemma 2 (Hua). Let f(x) = a1x + -+ + apx® be a polynomial with integer coefficients,
and (ay,...,ax,q) =d. Then

1<n<q
Proof. See [3, Theorem 2]. O
Lemma 3 (Heath-Brown). Let 2 > 1 and J > 1. Then for any n < 2z7, we have
J
A = 300 () S ogmautngen) ), (3.)
o~ RS2
Proof. See [2, Section 2]. O

Lemma 4. Let k > 3, we define the multiplicative function wy(q) by
L R R et

Then we have

Y w (L) < Fu(QN (1< <k). (3.2)

= \(gn)
Proof. See [4, Lemma 2.1]. O
Lemma 5 (Kumchev). Let k > 3 ba an integer and let 0 < p < oy, where o =
max {%, Wl—m} Suppose that y < x, z* < y**1=20 Then either

Z e (nfa) < y'~rte, (3.3)

z<nlzr+y

or there exist integers a and q such that

1<q<y™, (aq)=1, l|ga—a| <z (3.4)
and
Z e (nfa) < T y;:ﬁg?(iy— a7dl + gh/Hey(1=k)/2, (3.5)
z<n<lz+y
Proof. See [4, Lemma 2.2]. O



4. THE CASE « € B4

The aim of this section is to give the proof of Proposition 1. At first, we give the
following estimate of the exponential sums of type II which will be used for all the cases
when o € B.

Lemma 6. Let M,N > 1, x < MN < x and define

T2 = Z Z a(m)b(n)e ((mn)*a).

m~M n~N

e<mn<z+y
Then we have
To < yL™4 (4.1)
holds for
2y L < M < yL®, L6 < g <y lpiohpoes, (4.2)
where ¢; = ¢;(A) >0, j =4,5.
Proof. See [6, Propostion A]. O

For a € By, we need the following lemma to treat the exponential sums of type I. The
proof is similar to [6, Propostion C].

Lemma 7. Let M,N > 1, x < MN < x and define

T = Z a(m) Z e ((mn)ka).

m~M n~N
r<mn<x+y
Then we have
T <yl (4.3)
holds for
M < min i EL_C6 L <qg<P (4.4)
xk71L7 /P b —_— )

with ¢y, cg sufficiently large.

Proof. We begin with the estimation of the inner sum
Sm = Z e (mnfa), (4.5)
X<n<X+Y
where X, Y satisfy that

x x
X —max { & N} =
max |~ i
. T+y x Y
Yzm1n{—,2N}—max{—,N}<<—
m m M
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with m ~ M. It is easy to see that

Z Z e (m*(qu +v)*a)
v<q X<qutv<X+Y
k. k

- Yo <amqv ) S e(mflqut o)A (4.6)

v<qg X<qut+v<X+Y

Since M <« WLlL’ we have

d Mkafl M k—1 1
d—(mk(qu +0)A) = kmF(qu +v)" gl < <= =
u

< < —.

Q Q@ 2

We can thus apply Lemma 1, which ensures that the inner sum on the right hand side of
(4.6) is

= [ e (mk(qu—l—v)k/\) du+ O(1)

= Z emk uk U
_ q/é (m*(Yu)* ) du + O(1).

Hence (4.6) becomes

:_/M ) duy e (“m v ) O(q).

v<q

From this and Lemma 2, we conclude that

o< ) la(m)]|Sn|

m~ M
y I amFuF ML
< M_q Tg(m) Ze p +q
mn~M v<q
< yM7lTEE N wm) (P q)F + gMLE.
m~M
Since
ST nm)mb gt < Y mm)mg) < >N n(m)d
m~M m~M dlg m~M
d<2M dlm
< Y dm(d) LC < MLmy(q)7(q),
dlq
we have

Ti < yq ++ +gML,
which gives the desired result on taking c;, cg sufficiently large.
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Remark 3. Let

T = Z a(m) Z e ((mn)*a) logn. (4.7)

r<mn<z+y

Under the condition of Lemma 7 we have
T < yL™.

Utilizing Lemma 6 and Lemma 7, we now establish Proposition 1 via Heath-Brown’s
identity.

Proof of Proposition 1. Applying the Heath-Brown identity we obtain that the expo-
nential sum Si(z,y; @) can be written as O(L¢) linear combinations of

Y Z Z a1(n1)~--a2J(nQJ)e((m---ny)k&)

ni1~N1 ngj~Na s
r<ni-ngy<Tty

where
ai(m) =logn; aj(n)=1,2<j<J; ajn)=pn), J+1<j<2J
and

1
ZE<<N1"‘N2J<<$§ N]Z§,1§j§2j7 N]<<21‘%,J+1§]§2J

To prove Proposition 1, we take J = 2k and o < % Then we have
1 . Q (A
7 <min{ ——, =L 3.
{xle’ P }
The analysis involves several cases depending on the sizes of Ny,..., Nyj.

Case 1: If there exists 1 < j < 2J such that N; > x%, then it follows that
1 < j < J. In this case X can be written in the form of 77 in Lemma 7 or 7;* in

(4.7) with M = [[,,; N; < x7 satisfying (4.4). Hence Proposition 1 is true.

Case 2: 1f there exists 1 < 5 < 2J satisfying 207 < N; < x%, we also have
1 < j < J. In this case ¥ can be written as 7; in Lemma 6 with M = N;
satisfying (4.2). Proposition 1 then follows in this case.

Case 3: It remains to consider the case N; < 227 for all 1 < 7 < 2J. Take the
smallest ¢ such that

N,---N; > 227,
Since N; < Zx%, we have 7 > 2 and
Ny Ny= (N Ni_1)N; < 2207227 = dg7.

Let M = N;---N;. Then M satisfies the condition of Lemma 6. This completes
the proof of Proposition 1.

O



5. THE CASE « € B>

In this section, we will use the method in [4] to prove Proposition 2. At first, we will
establish the following lemma which will be used to deal with the exponential sums of

type I with o € Bs.

Lemma 8. Let k> 3,0 < p < 0y/2 and p < k—la Let M,N > 1, » < MN < x. Suppose
that o is real that there ezist integers a and q such that (1.4) holds with Q) given by (1.2).

Let a(m) < 1y(m)L, and define

T = Z a(m) Z e ((mn)ka).

r<mn<z+y

Then
wy(q)ya®
1+ yzbYa —a/ql’

provided that

(1—p) (k+1—2p) —k 1—k+l p

M < min {yﬁxm, TR E}, M* < a:k_%p_ki%gﬂ,
and
a7t <y <av
with
1 d 1 1
= =1- an w=w=1-——
7=k % —1 k 3
Proof. Set
S = Z e (mknka) ,
X<n<X4Y
where X, Y satisfy that
x x
X = ma {—,N} = —,
max | — i
Y:min{x—ﬂ/,ZN} —max{ﬁ,N} < Y
m m M

with m ~ M. Denote Mg to be the set of m, with m ~ M for which satisfy that
YkJrlpr > Xk
So, by (5.1) and (5.2), we have

T < MLUXFEm 4 3 am) Y e((mn)a)

meMpo n~N
z<mn<z—+y
<yl 4 Z a(m)S,,.
meMp
Define v by Y” = z?L~! for any fixed m € M. Note that, by (5.1), we have
Vv < 0.

10
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We denote by M the set of integers m € My, for which there exist integers b; and 7,

with
L<r <Y  (b,r) =1, |rimFa—b| < Xyt

We apply Lemma 5 to the summation over n and get

wi(r)Y

Sm < Ylfqus
1 + Y X+ mbFa — by /rq|

4 XKy 1-R)/2,

for m € M. So
7~1 < yl—p+£+ Z yl-v+te

mn~M

+ Z a<m> ( wk(rl)y +Xk/2+€y(lk)/2> )

=, 1+ YXF1mba — by /r|
Then by (5.1) we have

T <y P+ Th(a),
where

a(m)wg(r)Y
T = .
(@) W;Al—FYX’“—Hm’“a—bl/rﬂ

(5.4)

We apply Dirichlet’s theorem on Diophantine approximation to find integers b and r with

L<r<afyXxX*1 (br)=1, |ra—>b| <Py 1XF
By (5.1), (5.4) and (5.5), we have

by — bmkr1| |r(by — rlmka) + rlmk(ra —b)|

< Qf_kaXk_le_kYkV_l + YkV(QM)k.CEka_le_k
< LF4 MR TS, [k p ke ks,

< L*<1,
whence
by mFb r
— = = )
r r ! (r, mk)

Thus, by Lemma 4, we have

a(m)wy, <—('r7:1’9)> Y
T, < :
i) < Z 1+ Y X ImF|a — b/7]

meM
yM—1+e r
<< -
1+ yzk=Ya —b/r| n%wk (r, mF)
yM—l—i-a
< € M
< Ty ta a0
wg(r)yx®

< +yxbta —b/r|
11
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Recall that b and r satisfy the conditions (5.5). We now consider three cases depending
on the size of r and |ra — b).

Case 1: If r > 2" L71 then wy(r) < (xkafl)*l/k. Hence Ti(a) < y'=rte.

Case 2: If r < 2L~ and |ra — b| > y~ta! Fx*+DP =1 then T)(a) < y'=r*=.

Case 3: If r < 2% L~ and |ra — b| < y~to'~k2*+Dr[=1 We have

ra—bg| = |r(a—qa)+q(ra—0>)|
< ‘,Ekafli + nylxlka(kJrl)pol
Q

ph—14kp 2k—2

< Y21 T sz—Qx(kH)pL_l'
Since p < 75, by (5.2), we have |ra — bg| < 1, hence
a=b, q=m.
Then
Ty(a) < wy(q)yz®

1+yabta —a/ql
So we prove

wy(q)yx®

T <yl P+ .
LY 1+ yr*|a — a/q

Remark 4. Let

T = Z a(m) Z e ((mn)*a) logn. (5.6)

r<mn<z+y

Under the condition of Lemma 8 we have

wy(q)y*
1+ yxbta —a/q|

7~1* <<y1—p+a_|_

Remark 5. One can estimate the exponential sums

Z Z a(my, ms) Z e ((mlmgn)ka)

my~Mi ma~Maz n~N
r<miman<z+y
with some suitable conditions on M; and M, as [4, Lemma 3.2] did, and then can give a
better result then Lemma 8. Since it has no influence on our main results, we will not do
it.

Utilizing Lemma 6 and Lemma 8, we can establish Proposition 2 via Heath-Brown’s
identity.
12



Proof of Proposition 2. For £ > 4, take J = 2k — 1. Since o = max{%, W},

k—2)

1
0<o=p< k% and y > 2! %17 we have

1 . A—p)(k+1-2p) —k _ _ 1—ktl o L (fp_okp—-L=2p
xj <<m1n {y 1—2p x172p’ yk+1 QP:L: k’ T k o‘k’ 2k(k 2kP +172p)}‘

8

To estimate Sk(z,y;a), we now apply Lemma 3 with z = z7. Then we get the desire
result by the same argument as the proof of Proposition 1. O
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